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Abstract 
In this paper geometric Whitney duality theorems are proved for the Stiefel-Whitney 
homology classes of a polyhedral surface immersed in R” or R4. Since these classes are 
represented by the singularities of projections to lower dimensional subspaces, the Whitney 
duality theorems are equivalent to polyhedral critical point theorems. The paper also 
includes a review of the smooth result due to T. Banchoff and C. McCrory. 
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1. Introduction 
In [3] Banchoff and McCrory proved a Whitney duality theorem for the 
tangential and normal Stiefel-Whitney homology classes of an n-manifold im- 
mersed in R2”. The homology classes are represented by the singularity sets of 
projections to lower dimensional subspaces. The problem was to find a set of 
projection subspaces such that the intersections of the various singularity sets 
would yield the desired result. 
In [2] Banchoff develops the theory of tangential Stiefel-Whitney homology 
classes for polyhedral manifolds, again by means of singularities of projections. In 
[61 McCrory independently develops the theory of both the tangential and normal 
Stiefel-Whitney homology classes for polyhedral manifolds. In this paper a Whit- 
0166-8641/94/$07.00 0 1994 Elsevier Science B.V. All rights reserved 
SSDI 0166.8641(93)E0037-0 
26 0. Johnson / Topology and its Applications 56 (1994) 25-34 
ney duality theorem is proved for the Stiefel-Whitney homology classes of a 
polyhedral surface immersed in R3 and R4. This work is part of a larger thesis 
project under the direction of T. Banchoff. It is with pleasure that I acknowledge 
his assistance and encouragement. 
In the case of a surface smoothly immersed in R3, the Whitney duality theorem 
is equivalent to the standard critical point theorem of multivariable calculus: 
critical points of a function occur where both partials are zero. So to prove a 
Whitney duality theorem for polyhedral surfaces, we prove an appropriate critical 
point theorem - in the polyhedral case a mod 2 result. Then we consider the 
more general case of a polyhedral surface immersed in R4. But first we offer a 
geometric description of the critical point theorem in the smooth case. 
2. The smooth case 
In general, for a smooth surface, z =f(x, y), the process of finding where the 
partial derivatives of f are zero is the same as finding the “fold curves” for the 
projections into the vertical coordinate planes. If we look at the curve on a surface 
where af/ax = 0, we see that it consists of the points where the tangent plane is 
perpendicular to the y-z plane since they contain a vector in the x direction. If we 
project the surface orthogonally onto the y-z plane, along this curve the tangent 
planes are collapsed into lines and in general the surface “folds” over - that is, 
points near the fold curve are all sent to one side of the image of the fold curve. 
Similarly, since the tangent planes at points where af/ay = 0 contain a vector in 
the y direction, a projection onto the x-z plane will produce a folding along this 
curve. The intersection of these two fold curves gives the points where the tangent 
plane is horizontal since it contains vectors in both the x and y directions. Thus a 
projection into the z axis collapses the tangent plane to a point (see Fig. 1). 
These points where the tangent plane is horizontal are the critical points of the 
function. In general, critical points on a smooth surface are either maxima, minima 
or ordinary saddle points, for example, the origin for the functions f(x, y) = -x2 
-Y2, g(x, y> =x2 +y*, and h(x, y) =x2 -y2 respectively (see Fig. 2). 
Fig. 1. 
Fig. 2. 
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The fold curves and critical points are the singularities of their respective 
projections since for nonsingular points the projection to a plane sends the tangent 
plane onto the whole plane and the projection to an axis sends the tangent plane 
onto the whole axis. Thus the critical point theorem can be “visualized” in terms 
of singularities of projections: in general, the fold curves from projecting into the 
y-z and x-z planes will intersect transversely in the critical points of the function. 
(Note that since the (y-z plane is the plane of the page, the y-z fold curve is the 
“apparent contour” of the figure.) (See Fig. 3.) 
To enable us to refer to these singularity sets easily, we introduce some notation 
motivated by their topological significance. Let W1 be the singularities (fold 
curves) of the projection to the y-z plane; w’ be the singularities of the projection 
to the x-z plane; and W2 be the singularities (critical points) of the projection to 
the z axis. The critical point theorem for smooth surfaces can then be written as: 
W’ f’ w’ = W2. (W’ n w’ = W* is the PoincarC dual to the Whitney duality 
cohomology statement w1 u W1 = w2. The nature of the duality will be addressed 
below.) 
3. Polyhedral surfaces 
We now consider the case of polyhedral functions. In this case we choose a 
fixed triangulation of the domain of the function, the x-y plane or some subset, we 
assign a function value to each vertex and then we require that the mapping be 
extended linearly to the edges and faces of the domain. To find the critical points 
of such a surface, it is pointless to look at the partial derivatives since they are 
constant on the planar faces and undefined on the seams or edges. So we turn to 
the more geometric approach. Consider the following polyhedral functions which 
have critical points at the origin analogous to the ordinary critical points of a 
smooth function: f(x, y> = - 1 x 1 - 1 y 1 (maximum), g(x, y) = 1 x ( + 1 y 1 (minimum), 
h(x, y) = Ix I - I y I (saddle). (Note that for these functions we could choose any 
triangulation of the x-y plane which includes the origin as a vertex and edges along 
the axes.) (See Fig. 4.) Projecting the graph of f(x, y) = - )x 1 - I y ) into the y-z 
Fig. 4. 
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plane gives a fold curve along x = 0 and projection into the x-z plane gives a fold 
curve along y = 0. The critical point at the origin is the intersection of these folds. 
The projections of the graphs of g(x, y> = 1 x 1 + 1 y 1 and h(x, y) = I x 1 - 1 y I pro- 
duce similar results, so there is some hope that the geometric approach to finding 
critical points will be effective in the polyhedral case. However, there are compli- 
cations which must be overcome. 
4. Problems in the polyhedral case and their resolution 
While the geometric approach was successful in these simple polyhedral exam- 
ples, notice that the fold curves were edges of the surface and the critical points 
were vertices. Since this will always be the case for polyhedral functions, the 
singularity behavior will be more concentrated, more complicated and more stable. 
This causes three problems which must be solved. First, the fold curves, W’ and 
w’, may not intersect transversely. Second, general critical point behaviour is not 
restricted to maxima, minima, and ordinary saddles. Third, it is not clear how to 
evaluate the intersection of folds sets which may contain four, six or any even 
number of fold edges at a vertex. 
For a polyhedral function, the fold curves, W’ and w’, do not, in general, 
intersect transversely. For example, if the graph looked like the top of a tetrahe- 
dron, W ’ and w1 could not possibly intersect transversely because there are only 
three edges. So we need to replace either IV’ or w’. IV’ will remain the fold 
curve set from the y-z projection plane. For W1 to be defined, we require that no 
face be perpendicular to the y-z plane. To motivate a replacement for w’ we look 
to the smooth case for guidance. While an orthogonal projection plane was used to 
produce w ‘, almost any choice of a second projection plane would suffice. In 
particular, for the second projection plane, we could rotate the y-z plane to get 
the plane spanned by {(sin t, cos t, 01, (0, 0, 111, for small negative t (see Fig. 5). 
Consider the effect on smooth fold curves of such a small rotation of the projection 
plane: Fig. 6. The circular disks represent a neighborhood of each critical point. 
Notice that W’ divides the neighborhood into two regions, one of which we shade, 
and that the new fold curve, represented by a dashed line, has one arc in each 
region. Moreover, notice that when the fold curves were to the left of the 
neighboring surface, they moved forward into the unshaded region and when they 
were to the right, they moved backward into the shaded region. For a polyhedral 
surface, each fold edge of W’ is either to the “left” or to the “right” of its __---, 
I------ 
” L___-- ____-- 
Fig. 5. 
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Fig. 6. 
neighboring faces when projected to the y-z plane and one of its two neighboring 
faces is “forward” and the other “backward” in the x direction. More precisely, a 
fold edge is a left fold edge if, for fixed z level through the edge, the y coordinate 
of the point on the fold edge is less than the y coordinates of the points on the 
neighboring faces; it is a right fold edge if the y coordinate of the point on the fold 
edge is greater. Similarly, a neighboring face is forward if, for fixed y and z 
coordinates, the x coordinate of the point on the face is greater than the x 
coordinate of the corresponding point on the other neighboring face. To obtain w’ 
we push each left fold edge of IV’ into its forward face and each right fold edge 
into its backward face. (Nonfold edges contribute nothing to w’.) 
The second problem is that since critical points are restricted to vertices we 
expect more complicated behavior such as monkey saddles. While such behavior is 
possible in the smooth case as well, it would be unstable, meaning a small linear 
perturbation in the function will break it up into ordinary critical points. (Or, 
instead one could consider the surface fixed and perturb the axes, rotating the x 
and z axes in the x-z plane.) For example, the function f(x, y) =x3 - 3xy2 which 
has a monkey saddle critical point at the origin can be perturbed by introducing a 
small linear term to get g(x, y) =x3 - 3xy2 - EX which has two ordinary saddles. 
But after a similar perturbation of the vertices of a polyhedral monkey saddle (or 
perturbation of the axes), the critical vertex remains a monkey saddle (see Fig. 7). 
Whereas in the smooth case we can ignore such complications if we restrict our 
attention to general behavior, in the polyhedral case we must treat them because 
they are general behavior. So we assign to each vertex its standard critical point 
index (as in [l]). If r is the number of rays in the level set of the vertex, the W* 
coefficient of the vertex is the index 1 - it-. So for maxima and minima W2 is 1, 
for noncritical points 0, for ordinary saddles - 1, monkey saddles - 2, etc. For this 
to be defined we require that no edge lies in a horizontal plane. 
Fig. 7. 
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Iv* e 1~ i(4) s 1 IV* s 1 - i(6) s 0 
IV’ E 01 + 03 w’~o1+03 
+04 + 06 
Fig. 8. 
Finally we consider the problem of evaluating the intersection, W’ n w’. In the 
case of the polyhedral monkey saddle (Fig. 7), notice that W’ has four fold edges. 
These divide a neighborhood of the vertex into four regions, half of which we can 
shade in alternating fashion. Then two edges of w’ would lie in the shaded region 
and two in the unshaded, corresponding to the absolute value of the critical point 
index. We can define W’ n w ’ as the number of edges of w1 in the shaded 
region, but as we see in the second example of Fig. 8, there may be no fold edges 
of w’ in the shaded region and four in the unshaded. If W’ had six edges, there 
could be one edge of w’ in one region and five in the other. Since there is no 
canonical way to choose which half of the regions to shade, W1 n w ’ is only 
defined mod 2, i.e., even or odd. 
With W’, w’, W’ n w’, and W2 defined as above, we test a few examples to 
see if W1 n w ’ = W2 mod 2. In these examples we consider various configura- 
tions of a neighborhood of the vertex 0 (see Fig. 8). 
Since for each of the examples of Fig. 8, W1 n w ’ = W2 mod 2, we are ready to 
state and prove our first critical point theorem. 
Theorem 1. If f : R2 + R3 is a general polyhedral mapping so that W1 and W 2 are 
defined, then W’ n w’ = W2 mod 2. 
Proof. Consider the graph of the function in R3. The theorem must hold in a 
neighborhood of each vertex, so we must prove that it is true for any possible 
configuration of a vertex neighborhood. The technique is a deformation argument. 
Moving one vertex at a time and not allowing any self-intersections, we can deform 
any configuration into a simple maximum like the first example where we know 
that the equivalence W’ n w’ = W2 mod 2 holds. During the deformation W’, 
W’ n w’, and W2 may change, but at each stage A(W’ n wl) =AW2 mod 2. 
Thus W’ n w1 = W2 mod 2 for the original configuration as well. 
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Fig. 9. 
If a face becomes perpendicular to the y-z plane, W’ will change at the 
boundary edges of the face, but A(W’ n w ') = 0 = AW2. See for example: Fig. 9. 
Every case involving a change in W’ is similar to one of these four and can be 
obtained by a reflection of one of these about a horizontal or vertical line through 
the vertex 0. In every case, A( W ’ n w ‘) = 0. 
If, as an edge passes through a horizontal plane, its two neighboring faces lie on 
opposite sides of the plane, W 2 will not change. So A(W’ n wl) = 0 = AW ‘. But 
if the neighboring faces lie on the same side of the horizontal plane, r, the number 
of rays in the level set, changes by f 2 so the index of the vertex changes by k 1. In 
this case the edge is a fold edge and as it passes through the horizontal plane it 
changes from a right to a left fold edge or from a left to a right fold edge. Thus 
A(W’ n w’> = 1 = AW2. See for example Fig. 10. (There is also one more compli- 
cated possibility. That is the case where an edge becomes perpendicular to the x-y 
plane so that the projection collapses the edge to a point. This can easily be 
avoided by perturbing the deformation slightly so that the y coordinate of the 
vertex being moved is different from that of the vertex 0 when their z coordinates 
Fig. 10. 
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coincide. Since it can easily be avoided during the deformation, we do not need to 
treat it here, but the reader is invited to explore this case.) q 
In the smooth case the critical point theorem is true not just for function 
graphs, but also for any smooth surface. For example, for the unit sphere the fold 
curves, which would be two meridians of longitude, intersect transversely at the 
maximum and minimum, the north and south poles. The polyhedral case is similar. 
Let M2 be a triangulated two dimensional manifold or surface. The mapping 
f: M2 -+ R3 is a polyhedral mapping if the vertices of M2 are embedded and the 
map is extended linearly over the edges and the faces of M2. It is a polyhedral 
immersion if it is also one-to-one in a neighborhood of each vertex. 
Corollary 2. Zf f : M2 + R3 is a polyhedral immersion and the axes have been chosen 
so that W1 and W2 are defined, then W’ n w ’ = W 2 mod 2. 
5. Surfaces in W4 
Next we consider the more general situation of a surface immersed in R4. Given 
a smooth immersion f : M2 -+ R4 and a unit vector 5 E R4, we can project f(M2) 
orthogonally into lR3 = [ I. Singularities will occur wherever 5 is tangent to f(M2). 
At such points the projection will collapse the tangent plane (in R4) to a line (in 
R3>. Whitney showed that for almost all choices of 5, the singularities take the 
form of the so-called Whitney umbrella where the singularities are the pinch 
points at the end of a double curve (see Fig. 11). For almost all choices of axes 
{x, y, z, w}, if we let w2 be the set of singularities of the projection from R4 to 
R3 = 5 L where 5 is in the w direction, then W’ n w’ = W2 U w2. In other words, 
if a point is a singularity of the projections to both the y-z and x-z planes, then it 
is a singularity of the projection to either the z axis which is the intersection of the 
two planes or to R3 which is the span of the two planes. 
W’ n w’ = W* u w2 is PoincarC dual to the Whitney duality cohomology 
statement wr u W, = w2 + W2. The duality can be seen by viewing the characteristic 
cohomology classes as obstructions to obtaining a certain number of linearly 
independent vector fields. For example, w2 measures the obstruction to obtaining 
a nowhere zero tangent vector field and W 2 consists of the zeroes of the vector 
field obtained by projecting the unit vector in the z direction onto the tangent 
plane. W1 measures the obstruction to obtaining two linearly independent normal 
vector fields and w’ consists of points where the projections of the unit vectors in 
the y and w directions onto the normal plane fail to be linearly independent. 
Fig. 11. 
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Fig. 12. 
In the case of a polyhedral immersion, f : M2 + R4, we can also project 
orthogonally into lR3 = 5 I, but now the singularities are restricted to vertices and 
there may be more than one double curve ending at a vertex. So the w2 index of a 
vertex is the number of double curves which end there. We seek to show that 
W’ n w ’ = W2 U w2 mod 2 where the union is now also taken in the mod 2 
sense. First we test some key examples: Fig. 12. In each case W1 n w’ = W 2 U w2 
mod 2, so we have our next theorem: 
Theorem 3. If f : M 2 + R4 is a polyhedral immersion and the axes are chosen so that 
W’, W2, and w2 are defined, then W’ n w’ = W2 U w2 mod 2. 
Proof. The technique is again a deformation argument, but now with intersection 
phenomena to consider. We begin with the surface already projected into R3 and 
deform it in R3. If during the deformation an edge passes through a face, w2 may 
change, depending on the position of the neighboring faces. Let A and B be the 
faces neighboring the edge and C be the face it passes through. There are four 
cases depending on the relative positions of A, B, and C and whether or not A 
and/or B share an edge with C. 
First we consider the two cases where A and B do not share an edge with C. If 
A and B are on opposite sides of C as the edge passes through, there is no change 
in the number of double lines so Aw2 = 0. If they are on the same side, two 
double lines are gained or lost, so Aw2 = k 2 = 0. In both cases, A(W’ CT w’) = 0 
= A(W2 u w2> mod 2. 
The most interesting case is when face A or B is joined to face C by an edge. 
Then one double line is gained or lost, so Aw2 = 1. But that adjoining edge must 
be a fold edge and which of its faces is forward or backward changes during the 
deformation. So A(W’ n wl) = 1 = A(W2 U w*) mod 2: Fig. 13. 
Fig. 13. 
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The last case is where both A and B are joined to C. Here there are only three 
faces at the vertex. The edges shared by A and C and by B and C are both fold 
edges and since which face is forward and backward changes for both edges, the 
net effect is A(W’ f’ wl) = 0. But since there are no fold edges before or after the 
edge passes through, A(W2 U w2) = 0 also. 0 
6. Conclusion 
Since the singularity sets W’, W2 and w2 are precisely the representatives of 
the Stiefel-Whitney homology classes developed by Banchoff and McCrory and 
w’ is a push off of W’ which represents both the first normal and the first 
tangential classes, our critical point theorems are the desired Whitney duality 
theorems. Since the Stiefel-Whitney classes are generally only defined mod 2, 
these mod 2 critical point theorems are sufficient for our purposes. 
For smooth manifolds, critical point/ Whitney duality theorems have been 
proved for all dimensions [31. For polyhedral manifolds a result for three dimen- 
sional manifolds was obtained and is the subject of another paper [5]. The four 
dimensional result is the subject of ongoing research. 
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